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ON A

SUMMARY

Heat-transfer and ,_kin-frietion parameters ob-

tained jrom exact numerical solulflm,_ to the laminar
compressible-boundary-layer equation,eft: the b_finite

cylinder in yaw are presented. The chordwi,_'e J%w

in the tranfformed plane i._ of the Falkner-Skan t!lpe.

Solutions are giren for ehordwise stagnation flow

with b,ttl a porous and a nonporous wall. The

effect of a linear riseos#y-temperatttre relation is

compared with the effect of the Sutherlend riseos4ly-
temperature relation at the stagnation line _J the

cylinder for a Prandtl number of 0.7. The effects

of pre._,._ure gradient, .l[aeh number, yaw angle,

and wall temperature are incedigated.for a linear

viscosity-temperature relathm, and a Prandtl 'number

of 1.0 with a nonporous wall.
The results, indicate that eornpressibility effects

become important at large 3laeh numbers and yaw

angles, with lat.qer percentage effects on the skin

.friction than on the heat tranffer. The use of the

two d'(fferent oiseosity relation,_ gives about the same

result._' except when large changes in temperature
occur across the boundary layer, as Jar a highly

cooled wall. The present .solutions predict that a

larger amount of coolant would be required at a

.qimn. large .][aeh number and yaw angle than: would

be predicted .from solutions of the eorre._pondh, g

incompressible-boundary-layer equations.

INTRODUCTION

The so-called similar sohltions of the laminar-

boundary-layer equations are obtained by im-

posing curtain restrictions on the external flow

and the wall temperature and assuming that the

dimensionless profiles of velocity and temperature

Supersedes N*AC A Technical Note 4345 by Ivan E, Bcckwith, 1958.

are fim<'tions of a single variabh,. The governing

partial differential equations thcn reduce to

ordilmry equations, and the qualitative effect of
various parameters on the boundary-layer char-

acteristics can be investigated with much less

computing labor than for the more general case.
The similar solutions are also useful as a check

on the accuracy of approximate integral methods

and as the 1)asia information for COl_strm'ting

approximate methods of the pieecwise type, suclt

as those of rcfi, renccs 1 to 3. Furthermore, the

similar solutions are exact for a few physically
ran] flows, such as those which occur on flat,

plates, the stagnation region of cylinders and

bodies of revolution, and wedges in flows with

constant fluid properties.

Similar solutions for constant-property flows

are given, for example, in references 4 aml 5,
where the effects of pressure gradit,nt on /lie

velocity profiles and skin friction arc considered.

Solutions h)r the corresponding temperature pro-

files and heat transfer arc given by Sqlfire and

Sibulkin for stagnation-type flows (rats. 6 and 7)
and for various pressure and wall-temperature

gradients by Sehuh and Levy 0"efs. 8 and 9).
The effects of transpiration cooling in eonshlnt-

property flows are given in reference l O.

In references 11 and 12 the fluid properties were

assumed to vary as powers of the temperature;

solutions with teanspiration cooling were included,

but the results apply only to low-speed flows.
In refi,rences 13 and 14 the product pit of density

and _fiscosity was assumed to be constant in
accordance with the perfect-gas law and a linear

variation of viscosity with temperature. These
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solutions are not restricted to low-speed flows
when the Prandtl muuber is 1.0. Several solutions

with transpiration cooling were included in refer-

ence 13. Tire effects of transpiration eooling on

the heat transfer at the stagnation point of

cylinders and bodies of revolution is presented in
reference 15 for a constant value of pu and a
Prandtl number of 0.7.

The boundary layer on infiniW cylinders in yaw
can _dso be treated by the methods of similarity;

and, in fact, for constant-property fluids the

chordwise ttow is independent of the spanwise

flow, which can then be ealcuhtted by using the

solutions already avaihtble for two-dimensio,al

cylinders. (See, for example, ref. 16.) When the
fluid properties are allowed to vary, the ehordwise

flow is no longer independent of the span_dse

flow and the equations for the two components

must be solved simultaneously. This problem

has been considered by Crabtree (ref. 17) and

Moore (ref. 18) for a constant value of p/z, zero

heat transfer, and a Pramltl number of 1.0;

solutions are Wen for small values of the yaw-

angle parameter X in reference 19. Sohttions for

finite heat _ransfer and small values of X are given
in referenee 20. In reference 21 solu6ons are

given for the flow at or near the stagnation line

with finite heat. transfer and la.rge values of X for
Prandtl numbers of 1.0 aml 0.7. Solutions for

the case of large suction 1)ut small values of X and

a Prandtl number of 1.0 are given in reference 22.

Fay and Riddell (ref. 23) present solutions for
the flow of a real gas, including the effects of

dissociation, at a three-dimensimml stagnation

point. They conclude, for example, that, when

the Lewis number is near 1, a heat-transfer

parameter in terms of a lo(.al Nusselt number and

Reynolds number depends mainly on the total

variation of oy across the boundary layer. For

high cooling rates the effect of Iluid properties
becomes more important. Thus, for a ratio of

wall enthalpy to local stream enthalpy of 0.05, the

heat-transfer parameter is about 65 percent of

the value predicted by reference 15 for a constant

value of p_.

In the present p_per the effects of wall temper-

ature, Mach number, fluid properties, and trans-

spirution cooling on the heat transfer and skin
friction of yawed infinite cylinders are considered,

The external flow in the transformed plane is

required to vary as a power of the ehordwise

distance from the leading edge or stagnation line;

the injected gas is the same as the boundary-layer

gas, that is, the gas is homogeneous throughout;

and file wall temperature is constant. The density
variation is given by the perfect-gas law, and the
specific heat and Prandtl number are assumed to

be constant. Solutions are presented for Prandtl

nmnbers of 0.7 and 1.0, for ratios of wall tempera-

ture to stagnation temperature from 0 to 1.0, and
for" values of the yaw-angle parameter up to 11.0.

For a Prandtl number of 1.0 and a ]inear-viscosiLv-

temperature relation, the pressure gradient is
varied from the infinitely favorable to the value

for chordwise separation. For the flow at the

stagnation line of the cylinder, solutions are

eah,ulated by using bolh lhe Sutherland and the
linear _iseosity-temperature relations. Numer-

ical examples are Wen to illustrat,e tile effect of

yaw angle and viscosity relation on the quantity
of coolant required to maintain a given wall

temperature.

A, B,K
a

CI,,_

c

Cp

J

g

H

h--_ q_
-- 2_-- T_

heat-transfer-coefficient parameter (eq.

(40))

i static enthalpy

k thermal conductivity

l reference length
_'t[ Maeh number based on resultant or

total component of flow

m exponent in Falkner-Skan velocity dis-
tribution (eq. (la))

local Nusselt number, hx/k,_

Prandtl number, c_,_./k

pressure

heat-transfer rate per unit area,

constant in perfect-gas law (eq. (A3))

P

q
R

SYMBOLS

arbitrary constants

speed of sound

consIants in interpolation formula for

t_= (eq. (48))

constant in Falkner-Skan velocity dis-

tribution (eq. (la))
specific heat at, constant pressure

ehordwise velocity funetion; related to

stream function by equation (All)

spanwise velocity profile function, r/v_

stagnation cnthalpy, opT-} _Y'2"}-vz
2
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Rc

r

S

S

s= T,
T

T

t=-f,,
[7, H '

_t

_z
z,y,z

a,_,_

C£

local Reynolds number, pwu_x
P_

recovery factor (eq. (43))

Sutherland constant (eq. (A2))

temperature, °R

ehordwise and normal velocities, respec-

tively, ill transformed plane (eq. (B1))

chordwise, spanwise, and normal veloc-

ities, respectively, in physical plane

(ref. 21)

resultant velocity component, (u _+ vO _/2

transformed coordinates (eq. (A7))

ehordwise, spanwise, and normal bound-
ary-layer coordinates, respectively,

in physietd plane (ref. 21)

constants in interpolation formula for

(eq. (47))

acute angle in chordwise plane between

line tangent to surface and free-stream
direction

ralio of specific heats (1.40 used in caleu,

lations)

t, 1 du_

',,at/

n similarity variable (eq. (AIO))
H--H,_

0 enthalpy profile function, H_--Hw

O*,_*,G,E,O,O* integral-t.hiekness parametem in

transfomwd plane (eqs. (B13))

A angle of yaw (complement of acute angle
bet ween free-stream flow direction and

cylinder aMs)

X yaw-angle parameter; ratio of total

stagnation temperature to stagnation
temperature of flow component nor-

real to cylinder

viscosity coefficient

coefficient of kinematic viscosity, g/p

mass (lousily
shear stress

/.t

11

P

7"

pla
4,=

¢
60

stream function

coolant mass flow per unit area, p_Ww

P wW w

dimensionless coolant-flow ratio, p®u,.=

Subscripts :

e local flow outside boundary layer (un-

less otherwise noted)

t total st agnation conditions in free stream
w wall

s external flow at stagnation line of

('ylinder or stagnation poinl on body
of revolution

ahead of bow shock

adiabatic wall

coolant

transformed similarity plane

physical plane
static

prime denotes differentiation with respect

co

aY)

c

D"

P
st

A

to_.

EQUATIONS AND CONDITIONS FOR SIMILAR

SOLUTIONS

The general bmmdary-layer equations for the
infinite cylinder in yaw reduce to ordinary differ-

ential equations when the dimensionless velocity

and enthalpy profiles are assumed to be functions

of a similarity variable and when certain restrie-

lions are imposed on the external flow conditions

and the gas properties. (See appendix A.) The
external flow in the transformed coordinate

system is restricted to the Falkner-Skan type :

_= c.v '_ 0a)

where C and m are eonstanls. In terms of tim

physical flow this relation may be expressed as

Ue=C (I_\,)o P* Pt at /

from the definitions of _ and .V. The local speed

of sound a_ may be written as

from the definition of t, and lhe use of the adi-

abatic-energy equation in the external flow. The

parameter t, depends on the stream Math number

and yaw angle as _ven by the expression

+ _-_51® 2cos1 2 A

t_= (3)
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L

The so-called similar solutions can be classified

i,flo two general categories depending upon the
a,tdiiional restrictions used. In the first of these

categories (subsequenlly referred t.o as eIass I

flows), the chordwise velocity u_ is zero or negligible
in comparison witlt the speed of sound. Such

flows exist at or in the x-ieinity of a stagnation

point or line and on a cylinder tit very large yaw

angles. The second category (class II flows) is

obtained when the vahle of _, is arbitrary.
Further restrictions and assumptions which, in

the present investigalion, apply to both categories
are,

(1) Pramtt,1 boundary-layer equations for the

steady flow of a homogeneous gas

(2) Perfect-gas law

(3) Constant specific heat and Pcandtl number

(4) Constant wall temperature

CLASS I ]PLOWS

The final ordinary differentia] equations for

class ! flows subject to the restrictions and

assumptions listed previously are as follows (see
appendix A h_r derivation):

{(_f")'+J"f=5 (f')2-7_[(1-t_)o

-- (1-- t,)g_q- t,_]} (4)

/#'# t #(ca) _-/q =0 (3)

(¢e')'+aS, de' = 0--\5,,)V:7:- l¢(,_) J (6)

where the prime denotes differentiation with

respect to the sinfilarity variable 7#. The boumlary

conditions on equations (4) to (6) are, at, n=0,

f l'vw du,\- I?2
(7)

where .f=0 for a nonporous wall and

As rI >m

]'=0-.q=o (s)

/'=0=g=l (9)

For zero aerodynamic heat transfer the additional

condition required to determine the wall tempera-
ture is thai 0'==0.

The general expression for the viscosity function

¢ is

¢= g---t_[(1--t_)o--(1--G)ga+l_,] -_ (10)
/zw

.qwhich, after introduction of the ,_utherland vis-

cosity relation, becomes

(twOTs) [l + (_-_--l )O-- ]_£(l--_.,)g2] I/_
¢=

Go+s+ (1 -- l,_)O-- (1 -- l_) fl2

(10a)

If the viscosity is assumed to vary linearly with

temperature according to the relation

equation (10) is reduced to

4'= 1 ( 10b)

The functions.f', g, and 0 are the dimensionless
ehordwise velocity, spanwise velocity, and en-

thalpy profiles, respect.ively. The normalvelocity
at the wall w,o is determined from equation (7),

where f,_ must be a constant.

CLASS H FLOWS

For class II flows the ehordwise velocity may

have any value so long as equation (lb) is satisfied
and the additional restrictions of ._,=1.0 and

4,=1.0 are imposed. (See appendix A.) The

equations with these conditions are

f"'+f"f=g_{ (f')_--_ [(l--t_)O--(l--t,)g2+t,_]}

01)

g"+/,/=0 (12)

o"+/o'=o 0a)

For equations (I 1) to (13) the boundary conditions

are, at _/=0,

2 a_] <Is'_] (14)

and, at= _-->_,

./'=o=g=o 05)

/'=0=.q=l (16)
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Inasmuch as tile spanwise ve|ocity profile g is

exactly tile same as tile enthalpy profile 0, equa-

tions (ll) to (13) reduce to a fifth-order system.

The normal velocity at the wall w_ is

w- _'L_ 4 2 _/_j (17)

from equation (14), where again .f,_ must be
eollstallt.

GENERAL EXPRESSIONS FOR HEAT TRANSFER

AND SKIN FRICTION

TRANSFORMATION RELATIONS BETWEEN Z AND _/

Since expressions for the heat transfer and skin

fi'ietion involve derivatives normal to the wall, it
is useful to consider the transformation from the

physical xz-plane to the similarity plane Xn.
From appendix A the normal derivative is

b a_ p /ro+l U_ b (18)
be at ot _' 2 v_.\* b_

Differentiation of equation (lb) written in the
form

Nail ._i

the use of the Stewartson transformation

u. t./a,'¢ _,,., d_
(19)

Substituting equation (19) into equation (18)

and evalualing at lhe wall then give

duT] ,/s

or for brevity
"_) :-

(20)

where _" is a function of z only. Similarly, it

can be shown that for a _ven x-station lhe
relation between z and ,7 is

z=--L __ td,7 (21)
l ,,,_ _ ,3o

where the temperature ratio t is, in general,

t=(l_t_)O_(l_G)gZ+t --z_l (u'_ 2,,_/ (/')_

(22)

is

LOCAL HEAT TRANSFER AND SKIN FRICTION

The }wat-transfer rate pot" unit area at, the wall

which, from the definitions of H and O, may be
written as

bO"

Then from equation (20)

q,_=k_(T,- _ ' (23)

Combining equations (23) and (14) yields the
relation

cp p,,.ww T '
q.,_ ,\% f. (L- ,_)o,_ (23a)

which shows that for a given similar flow q,_

varies with x directly as the coolant mass flow

since O'_ and f,_ are independent of x.

From equation (23) the ewpression for the local

heat-transfer parameter A_-d_/_ is

.V;_,,_ hzllc_

(E -_ip,oush,.

t, x du{] ''_ T,--T_ ,
= ?Zj-T;o.

Equation (24) may also be written in a fornl tha_
does not include a velocity-gradient _erm by

using equation (18) directly in the expression

for q_ preceding equation (23). After the deft-

nilions of fl and X are introduced, the result is

/ _ a a 'kl/2
/ t*wt-__..._.Nw'_._eX l

3,_. t I. .,_,, _at_ I T,--T_, ,
/ f""°" d,/ 0o
\do #tO, at /

(24a)

When x--+0, as at a stagnation line, equation
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(24a) reduces, in the limit, to between the pertinent temperatures and the
parameters 0" and.f_ involved in the similar solu-

.VN. 1 T,--T,_ , tions. Tiffs relation is

A heat-transfer parameter which for given

stream conditions is proportioiml to the heat-
transfer coefficient b may he written as

il " \7': T,-T,,- 2
(25)

from equation (24) and the assmnption that

The expressions for local chordwise and span-

wise skin friction may be written as

/auk ,-:-..,,
(2o)

/bvN :- ,
r<r=g ¢ ! / ----Uw+'+__'gw (27)

\Oz/_

The toiM component of the local skin friction in
the direction of the free stream is then

r,o,.t=u.:_f(f_ cos a cos 3,+g_ sin A) (28)

where a is the angh' in the chordwise plane be-

tween a line tangent to the surface and the free-
stream direction.

SIMPLIFIED HEAT BALANCE

In the absence of lateral heat conduct.ion wit,hin

the porous wall and heat loss by radiation, all the
heat transferred t,o the wall by the airstream

must be absorbed by the coolant. If the coolant

flow through the porous wall is assmned normal

to the wail throughout and the aerodynamic heat

lransfer is given by equation (23), the resulting
heat balance is

k,,(T,- T_) _.fO,,=p,,w,,cp(T,_ T_) (29)

where T_ is the initial temperature of the coolant

before it. enters the porous wall. Rearranging

equation (29) and introducing f,_ from equation

(14) and a, froin equation (2) give a relation

T,-- T,_ 0; (a))N,.,=-I'o

which, if any two of tlie three quantities T,,,, T, or

f_ are known, determines the remaining unknown

value since 0_ depends only on tw and.f_ for given
stream conditions and yaw angle. Typical prob-

lems utilizing equation (30) would be to find the
wall temperature from given coolant temperature

and mass flow or to find the coolltnt flow required

to maintain a given wall temperature. The latter

prol)lem is considered in some detail in the section
entitled "Results and Discussion."

If radiation and conduction are included, a

more general heat balance, such as that given in
references I and 15, must be used.

BOUNDARY-LAYER-THICKNESS PARAMETERS

TRANSFORMED PLANE

In various applications of the present results it
is convenient to have available certain boundary-

layer-thickness parameters which are obtained

from integration of the velocity or enthalpy pro-
files over the boundary-layer thickness. These

parameters are defined in the )(Z-plane since

transformation to this plane results in considerable

simplification of any compressible-boundary-layer

calculation. The particular parameters inehided
in the tabulated results of the present report are

those that appear in /,lie integral boundary-layer

equations which are derived in appendix B.

Transformation from the general Stewartson

variable Z to the similarity variable n (see appen-

dix A) requires that any thi(.kncss parameter in

the WZ-plane can be obtained by multiplying the

corresponding parameter in tJle similarity plane

by the quantity

2m÷l U<

Thus, for examl)h', the displacement thickness _*

in the XZ-plane is defined as
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or, after transformation to the similarity variable,

/ 2 utX ['=(1--f')dv--_/ 2 v,N ._*=_ m+l u, 30 m+l _ _''

Performing the indicated integration then yields

the following expression for fl_e displacement
thickness _*, in the similarily plane:

_.-- lira (I--f ')tin= lim (n_--f_+fw) (31)

Sinfilarly, the momentum thickness is defined as

8'_------lira [f'--(f')Z]d_= f_-f_o-- (f ) d_
y,--_ co J 0

which, after integration of the last. term by parts

and introduction of/./" fl'om equation (4), becomes

O,g: lira . w--f,_--_(.f,.4-n--f_)

--fl([--l)l"(1--g')dy

' 2" ]--B _ (t_-- 1) (1--0)dn (32)

A spanwise parameter ae_ is defined as

G.: lira f_'(1--g_)dn (33)

which is the sllnl of the spanwise displa('ement
and momentum thicknesses.

The thermal thickness is defined as

f]"O*_= lira (1--O)dv (34)

The final form of the momentum thickness is

then obtained by substituting equations (31),
(33), and (34) into equation (32), whi('h becomes

0". f:-J_l+# l+B_[_**r'_-(_,--1) (]tr

+1_ (t_-l) o*] (:_5)t_

The remaining parameters appearing in the inte-

gral equations (appendix B) may be considered as
convection thicknesses when the analogy between

g and 0 (for Np,= 1) is considered. The spanwise
convection thickness or "mixed" momentum

527412 -60_2

thickness is defined as

L ( ct/e v/,

E,,--- lira f' (1--g)dn= lira f,--f_-- gf'd,1
71, _) m 7?,--) ¢o \ J l ) /

Integrating the last term by parts and using

equation (5) result in

E,_=g'--f,, (36)

Likewise, the enthalpy convection thickness is

O. = lira f' (1 --O)dn= --f,. (37)
_Te--+ m J 0

fi'om integration by parts and equation (6).

Equations (35), (36), and (37) show that 0",, E.,
and O. can be written in terms of the derivatives

of file profiles at, glle wall and the other three

integral thicknesses _e*,, G., and 0",,

PHYSICAL PLANE

Tile momentum and displacement thicknesses

in the physical plane can be expressed in terms of

the thickness parameters in the sinfilarity plane.
The chordwise momentum thickness in the physi-

cal plane is defined as

z,---,=Jo /u_ \UJ ._1P_

whieh, from equation (21) and the perfect-gas

law, may be written

0"=_ lira L"[f'--(f')2]d,

since u=ft. Then, from the definition of 0,%
u.

0,*=_ 0_ (3s)

According to reference 24, the physical dis-
placement thickness on a yawed infinite cylinder

is not affected by the spanwise mass-flow defect.

Hence, the displacement, thickness is defined in

the usual way as

6*-_-]iln [ (l--P'_2"_dz

z,_,, Jo \ Pe_le/

which, from equation (21), tile definition of

_*_, and the perfect-gas law, may be written, after
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some rearranging, as

_*=7 l__|i,l LI,,,-_@. o ",', ,

Subsliluting equation (22) for, / and using equa-

tion (32) and the definition of 0*r then yiehl

a*- I-t"<-J ": l+ "f=-f7 (39)

COMPUTING PROCEDURE

N[ore than 200 solutions Io equations (4) to

(6) and (11) to (1,3) have been obtained by means

of the IBM type 704 electronic data processing

machine. Tile mlmerieal integration procedure
of reference 25 was used, and the procedure

described in reference 21 for obtaining convergence
Io the correct boundary conditions was included

in the automatic programing for the machine.

A step size of 0.2 in _ was used for most of the

solutions; ]mwever, a step size of 0.1 was used

in a few solutions which are included for compari-

son in the tabulated results. The accuracy of
the present solulions, except for _>1.0 and

f,,,<--0.5, is believed to be as good as or better

than the accuracy of the solutions in reference

21. The boundary conditions at large values of

n on f', g, and 0 were satisfied to within 0.0001.

The solutions were carried out to sufl3cienlly

large values of n dmt the ttbsolute values of the

derivatives of the functions f'", g', and 0' were

=<_0.0005. For negative values of _8 the absolute

wflues of the derivalives at large values of rt
were <0.00005. In all solutions it was found

that those requirements eouht be satisfied for
:7-< 8. For negative values of _ there is a problem

of uniqueness (see, for example, refs. 4 and 14)

which is discussed in relation [o the present

solutions in appendix C.

RESULTS AND DISCUSSION

The values of f;', g', 0;, _, _*,, G,,, o_h, and 0*fr
which eonsfituie the principal resulls are presented
in lables I to IV for most of the solutions in tile

present investigation. All heat-transfer and skin-

friction eoefl3eients or parameters as well as most

of the boundary-layer-ddekness parameters can
be derived from these tabulaled values as described

elsewhere in this reporl. The solutions included
in each tal)le art, summarized as follows:

=

Tal)lc

I ........

"[[ ......

I II (a) ......

III(1,) ....

1.0

1.0

0.5

1.0

1. o t t
--{ 1.0 i....... i o,-0.5, -1.o

07t

=-T1,,tUl0  :,ou. 7i ,_ .o ----I-

----027- ,0
0.7 i #l.O _ 0

.... _ 0.2

I

I w

0, 0.5, 1.0

0, 0.5, 1.0, 1,,,

0.05, 0.5, 1.0, l,,,.

0.015, 0.050, 0.070,
0.100, 0.150, 0.200,

0.250, O.aO0

0.06, 0.20, 0.50

0.1875, 0.627

0.05, 0.50

0.015, 0.050, 0.100,
0.200, 0.300

1.0, 1.6, 3.0, 6.5

1.0

1.0

I V (a) .....

IV(b) ..... <0

1,7' 1.---7_______----Z
1 o !--70_______-----7

0,015, 0.050, 3.0
0.200, l,,,.

0.015, 0.50, 0.200, I 1.0

0.1875, 0.625 1.0

0, 0.5, 1.0 1.0, 1.6, 3.0, 6.5

O, 0.5, 1.0 1.0, 1.6, 3.0, 6.5
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VELOCITY AND TEMPERATURE PROFILES AT THE

STAGNATION LINE

Typical profiles of the cho,'dwise and spanwise

velocity ratios and the stagnation-enthalpy differ-

enee ratios are shown in figure 1. These results

are for stagnation-line flow (_=t.0), ¢_=1.0,
Nv,=0.7, and tu.= 0.5. Note that a given change in

the transpiration-cooling parameter.f,_ has a larger

effect on the g and 0 profiles (figs. l(b) and l(c))

than on the f' profiles (fig. l(a)) and that these
effects Iwnd to diminish as X is increased. Inspec-
tion of tables I and II shows that the same trends

are present in the derivatives of the profiles at

tile wall. Comparison of figln'es l(b) and l(e)

shows that the g and 0 profiles are roughly Ihe

same shape for Nv,=0.7. According to previ-
ous discussion these profiles are identical when

N,.,= 1.0.

The temperature profile at tile stagnation line

(x=0) dep(,nds only on the spanwise profile g and

the enthalpy profile 0 as given by equalion (22).

The resulting variations in the ratio of local static

temperature to total stagnation temperature are

shown in figure 2 for X=l.6 and 6.5 and for

t_=O, 0.5, and 1_,_,andf,_= 0,--0.5, and- 1.0. This

figure illustrates the large changes in temperature

distribution that occur as lhe yaw angle is in-
creased. The reduction in heat-transfer rate and

recovery temperature with increasing <.oohm! flow

are also evident. In regard to ihe possibility of

dissociation or other real-gas effects, it is of in-

terest lo hole that for large cooling rates (small

values of t,,,) tilt, maximum temperatures in the

boundary layer are much lower at large values of
the yaw parameter than at small values of the

parameter.
HEAT-TRANSFER COEFFICIENTS AND RECOVERY FACTORS

IN THE STAGNATION REGION

Effect of yaw parameter and transpiration

cooling.--Equation (25) shows thai for given

0 l 2 3 4 5 6 0 I 2 3 4 5 6

(a) Chordwise velocity ratio_.

I%t_TRE l.---Typiea] nondimensional velocity and stagnation-entha]py-differenee profiles. ¢:-1.0; _= 1.0; .Vr,--0.7;

/,,,-- 0.5.
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(b) Spanwise velocity ratios.

Fm VRF, 1.---Continued.

stream conditions, wall temperature, and yaw

angle the heat-transfer coefficient depends only on
the parameter h, which is defined as

= o:. (40)

In figure 3(a), _ is plotted against k for Prandtl

numbers of 1.0 and 0.7 and for f,_-----0, --0.5, and
--1.0. The figure shows that the parameter h

(and hence also the heal-transfer coefficient) is

reduced considerably by increasing the magnitude

of the transpiration-cooling parameter f,_, with the

largest reductions being obtained for small values

of ), and for N2_,---I.0. A change in t]w value of

the transpiration-cooling parameter, however,

would generally imply a change in the coolant
mass flow and wall temperature. Equation (23a)
can be written in coefficient form as

'where w_ pwWw.

Cp _o _ (41)h= ,\%

Thus, for a finite normal velocity

at the wall, the heat-transfer coefficient is deter-

mined solely by the coolant mass flow and the

parameters f_ and h. The parameter f,_ is related

to the coolant mass flow by means of equation
(7), which may be written as

--03

(42)

Then since the quantity _Tw is nearly constant

for relatively large changes in wall temperature
(for example, a change in T,_ of 400 ° R causes

, (42)only a 7-percent change in XUw/ w) equation
indicates that an increase in coolant mass flow oJ

would cause a corresponding increase in the mag-

nitude of f_, and hence, fi'om figure 3(a), a reduc-
tion in h. It then follows from equation (41), as

would be [,xpected, that increasing 00 decreases
the heat-transfer coefficient h. This effect is

shown directly in figure 3(b) where the ratio of

with transpiration cooling to h for a nonporous

wall is plotted against X. The ratio of the heat-
transfer coefficients is proportional to the ratio of
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the values of _ for a constant value of p_u_. Fig-
ure 3(b) is not to be interpreted as indicating an
increase in heat-transfer coeflMent with yaw angle
at a constant value of w, since an increase in yaw
angle causes a large decrease in the local density
p,o and velocity gradient du,/dx. Consequently,
for given stream conditions and a constant value
of w, an increase in yaw angle decreases the Ileal-
transfer coefficient.

The effect, of Prandtl numt}er on the heat-

transfer coefficient is shown in figure 3(c) where
the ratio of D for Ne,=0.7 to h for A_,=I.0 is

plotted against. X. This figure shows that the
approximate expression

he, (re.D0.,
hi.(}

suggeste(l in referenee 21 is adequate for a non-

porous wall but is in considerat)le error for trans-
piration cooling.

The recovery factor or recovery temperature
must be known before heat-transfer rates can be
calculated from heat-transfer coefficients. The

recover>= factor r defined at the stagnation line as

To --T.
r=_ (43)

is plotted against the coolant parameter .f,_ in
figure 4. The variation of the recovery factor for
a flat, plate from reference 1 is also shown for
comparison. Increasing the coolant flow de-
creases the recovery factor on both the yawed

cylinder and t,he fiat plate. On [.tie yawed cylin-
der, larger decreases in the recovery factor are
obtained for small values of X lhan for large vahles
of X. The recovery factor on the flat plate is, of
course, independent of the yaw parameter.

Effect of viscosity assumption.--The ratio of
the heat-transfer parameter _l from the sohltions
calculated by using the Sutherland viscosity rela-
tion to the corresponding value of h for q$-l.0
is plotted against X in figure 5 for Np,---O.7 and
/7-- 1.0. Three parameters must he considered:
the Irsn.apiraiion-eooling paramel.er .f,,, the ralio
of wall temperai.ure to stagnation temperature
t_, and th(, ratio of the Sutherland constant io
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slag'm_lion temperature s=S/:T,. If the value
of Sis taken as 200 ° R, then _'- 0.2 corresponds h_
ordinary wind-tunnel conditions wilh T,= 1,000 °
R or to flight conditions with T_400 ° R ant!
M,_ _3, while x=0.02 corresponds to Tt= 10,000 °
R or to flight conditions at 3[_ _ 11.0.

All resu]ts from the solutions for t_=0.5 fall
within the shaded band in the center of figure 5.
For x>3 and tw>0.5, the linear viscosity relation
gives practi('ally the same results as the more
accurate Sutherhmd relation. For X<3 and t_>

0.5 the linear viscosity relation results in heat-
Iransfer cocffi(,ienls (hat are as much as 15 percen(,
larger than those obtained with the Sut, herlan(t
relation. From a comparison of the values of
listed in tabh,s I and IT, the largest deviation_ are
seen to occur when s=0.02, which for tw=0.5
is beyond the range of pra('lieal wall temperatures.
]7or s=0.2 mid t_,,--0.5 the ma:vimun-_ differences

resulting from/be use of the lwo viscosity relations
is abou_ 10 percent.

For t,o-0.05, a value corresponding [o large
aerodynamic heat-transfer rates, lira viscosity
relation has a large effect for both values of ,_.
When ,_=0.2 with G--0.05, the use of the linear
viscosity relation results in heat-transfer coeffi-
cie_,ts that are from 10 to 50 percenl smaller, with
the differences increasing as dw transpiration-
cooling rates are increa._ed. For ¢=0.02 and
tw 0.05 the linear relation has the opposite effect
in that the heat-lransfer (,oeffieients are from 20 to

S0 percent larger, with the largest deviatim)s oc-
curring again a! the largest values of fw. At some
intermediate value of s the viscosity assumption

might be expected to have little effect even for the
bwge heating rates. For all conditions except
s=0.2, t,_=0.05, and .f_=0 and --0.5 the effects
of the v-iscosity assuml)lion lend Io become smallre
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I 2 5 4 5 6 7 8 9
Yaw paromeler, k

(a) V'u'i,Mion of h,al-transfer parmneter with y_w-angle

parameter.

FI,'._rnT. 3.--Effect of yaw angle, stream Maeh mmd)er,

Prandtl number, and transpiralion cooling on heal-

transfer coefficient at stagnation line. 4,=1.0, _=1.0.

as the yaw-angh' parameter X is increased.
The effect of viscosity assumption on the varia-

tion of heat-transfer coefficient with yaw angle or

yaw-angh' parameter may be obtained from figure
5 by noting that

h/h,,_° t,/],0=, 7d,_:,
(t,/h,,=o)_=,- (h/t,,=,),,=o- (_/_o=,)_=o

since from equation (25), /_.is proportional to h,

for given stream conditions, wall temperature, and
yaw angle. This relation and figure 5 then indi-
cate that (except. for s--0.2 and f,,=--l.O) when
the Sutherland _'iseosity relation is used the
predicted decrease in heal-transfer coefficient with
yaw angle is somewha.{ smaller than when the
linear viscosity relation is used.

11 1_t_ k !_,r
/Vpr I

I--- _.o _ ' f_-
.7 ....... _l-II "- -<

_" I ) t- --t --

o II I I12...
I 2 5 4 5 6 7 8

x

(b) Variation of T'atio of /Tfor transpiration cooling to

h for nonporous w'dl with yaw-angle parametvr.

F I _._"m,; 3.--Conlimwd.

t I111 1 __Lt ....
=0'_1_ tl

_-] _ -" %V-'-•':_q   la'lI
.,__2A .....LAA •

2 3 4 5 6 7 8
X

(c) Vari'_tion of r_tio of h for .Vp,_ 0.7 io h for -Vr,= 1.0

with yaw-angle parmnctcr.

F mvn_: 3.--Concludc(t.
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"- lki I l 1 .....

" .80 X

g..76 -- 1

.74 -- -

.68 .....
0 -.5 -t.0 -I.5

Fmt'RE t.--Effect of transpiration cooling oll recovery

factor. _-- 1.0.

• t 1------

-.5, -I.0' _a__ _ , i_

_1.0 1.8 26 3.4 4.2 5.0 58 613 Z4
X

FIaI_RE 5.--Effect of viscosity relation on heat-transfer

coefficient at stagnation line. Np_--0.7; fl= 1.0.

The ralio of recover3- factor r from the solutions

computed by using Suthcrland's relation to r for

_- 1.0 is plotted against X in figalrc 6. This ratio

is found to be essentially independent of l,he trans-

,.oo0] - i

.976 i'_- 2 3 4 5 6 7
X

P[cl'm_: 6.- Effect of viscosity relation on recovery factor.

Np,=0.7;/3= 1.0.

piration cooling inasmuch as all resuhs are within
the narrow bands shm_m in the figure. The

viscosity relation has at most a 2-percent effect,
which depends only on the temperature level (that

is, on T,) a,d is a maximmn for s=0.02 and for

large values of X.
2eal-gas effects.--The assumptions of constant

specific heat and density variation according to the

perfect-gas law would be expected to limit the

application of the present results to relatively low

temperature levels where real-gas effects and, in

parlieular, dissociation effects are not important.
An indication of the limils of applicability of the

present solutions may be obtained by comparison

with the real-gas solutions of Fay and Riddell

(ref. 23).
,qinee the sohltions presented in reference 23

are for the stagnation point of _ t)ody of revolution,

any results fl'om the present calculations musl first
be transformed to the corresponding axisymmetrie

configuration before a valid comparison can
be made.

At the stagnation point on a body of revolution,

T_-- Tz, and from the Mangler transformation the
heat-transfer parameter :\_,_._l'l_ is _',_ times

lhe corresponding parameter in two-dimensional

flow with tl_e velocity-gradient parameter/3--0.5.
The heat-transfer parameter al the stagnation

point on a body of revolution is then oldained



THEORETICAL IN*YESTIGATION OF I,AMINAR BOUNDARY LAYER ON" TAWED CYLINDERS 15

from (,quation (241)) as

where O" is taken fl'mn the solutions for the

unyawed cylinder (),= 1) with ,8= 0.5. The princi-

pal resuhs of these solutions are given in table

[II(a), and the resulting values of the h(,at-
[ransfer parameter for the stagmation point on a

I>od3_ of revolution are plotted in figure 7 againsl

the ratio pro,. Also shown in flgure 7 for con't-
Pw#w

par|son is the eorr(,lation given by Fay and

Rid(M1 (ref. 2.3) for their real-gas solutions or the

equilibrium boundary layer with a Lewis number

of 1. In reference 23, the Sutherlaml viseosil T
relation was used and the Pran(ltl number was

assumed to be eonstanl at 0.7i. Since the (,fleets

of diffusion disappear from the differential equa-

lions for a Lex_qs num|)er of 1.0 (see ref. 23), the

only differences between the pr(,sen! solutions and

those of reference 23 wouhl be caused by the

different assumplions for the variation of densily

and specific heat. The close agreement between

the resuhs of the present solutions and those of

reference 23, as shox_m in figure 7, therefore

indicates that the heal-transfer parameter at. a

stagnation point is not sensitive In the effects of

dissociation on density and specific heal within

the boundary layer. For e(luilit)rium dissociation
and a Lewis number of 1 the heal-transfer rat(,

al a three-dimensional stagnation point can d_en
be calculated from the equation (ref. 23)

H (.v,.,,,
q"=_' P"_'_\d:-T,I, 3,_,,- [_-g,/ (44)

where all quantities wouhl t)e evahmted for dw

real-gas conditions except _\_-,/_/_',, which may

be taken from the appropriate solulion of the

boundarydayer equations for a perfect gas with
a constant vnhle of ep and ,_ut]mrlan(1 viscosity law.

The appropriate perfect-gas solution, according"

LO

%
¢'vF

.9 _ i s/r, _ x [
-- i %0 L_-6_I3.o__.s l,<o- --,

-- 'o.oo5 I o _ - 4- 1
.s ,.ol .o2 ] D 8 ,_ "_ d -- -

.0625 [ z_
.... ---[Pslas\ r" -- _k" ._tw=O0 5 _J.7 0 O (b "O d ] 0.4 ]'-re = 0.5

;U.br t_/ , er.ea._..._'.',( .- "
-- '0.o05 [ a ' ', \ " "_ , ._- I _ C(,,," ,,_/

.o2 I"

.s o.sl .o625j :

I
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.3 .4 .5 .6

es #s

Pc,,law

1

I t
I

t
_..A__ . ]

.7 .B ,9 I.O .0 5.0

FJ(3tmr: 7.--IIeat-lransfer parameter ab stagnation point on a body of revolution (_=0.5) and at the stagnatio,l line of a

yawed cylinder (2= 1.0). N,o_ 0.7; fw = 0.

527412--60- --3
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to the correlation of figure 7, wouhl be the one for

which the ratio P,g___!is the same as in the required
pwl.tw

real-gas conditions.

Whether this procedure can be extended to the

sta_aation line of a yawed cylinder is not known

since tile corresponding real-gas solutions for this

ease are not yet available. Such an extension

wouhl appear reasonabh., however, if the peril, or-

gas solutions for the yawed cylinder couhl be
correlated in a form similar to the results for a

three-dimensional slagnation point. ]n order to

investigale this possibility, several additional
solutions for the yawed %'linder (fl--1) were

obtained for the range of conditions used in the

solutions for t3=0.5. These results are presented

in table III(b), and the heat-transfer parameter is

plotted in figure 7. For small values of ._ the

heat-transfer parameter for /3=1 and ),= l to 11
is correlated within about 4 percent by the

expression

•\;-,, (m,_) TM_=0._ ,.0._-,_ (45)

The values lha! are not _rrelated by equation
(45), that is, the values for X=6.5 and 11 with

s=0.2, are not representative of flight conditions
since such vah,es occur at large Mad, numhers

and large yaw angles but with T,=I,O00 ° R.
By analogy with the resulls for a three-d imensional

stagnation point,, it. may be assumed that the heat

transfer at. the stag'nation line of a yawed cylinder

in a real-gas flow (with equilibrium dissociation
and a Lewis number of 1) can be calculated from

equations (44) and (45) with II+ replaced t)y tile

adiahatic wall enthalpy [I,:. From equation

(43), the value of [[:,_ wouhl he

II_--r(Ito--i,) +i_

where, from lhe adiat)atie-energy equation, i: is
defined as

i,=II+--2+'2

and from figures 4 and 6 the recovery factor is
approximately

The effect of the viscosity relation at a three-

dimensiomd stagmation point can be obtained

from fi_tre 7 by comparison of the results of

reference 15 for P'g* = l with the present solutions.
Pu,#w

The use of the Sutherland viscosity relation for

the range of t_ and s in the present solutions

predicts smaller values of the heat-transfer

parameter than those given hy reference 15 for

a linear viscosity relation. The maximum effect

is found again for small values of t_ anti s; for
examph,, with C0=0.015 aml ._----0.005 the heat-

transfl.r paranleter is about 50 percent of the

value given by reference 15.

VARIATION OF COOLANT FLOW AND WALL TEMPERATURE
WITH YAW ANGLE AT THE STAGNATION LINE

OF A CYLINDER

Interpolation formulas for _t.--The problem

of cal<.ulating the wail temperature from given

stream conditions, coolant tenlperature, and

coolant mass flow may be solved by means of

equations (30) an(l (42) and graphical interpola-

tion for h and t,:. The genera! procedure wouhl

be to assume a wall temperature and ealculat(, a

first approximation for f: from equation (42).

This value of J':, together with the assumed wall

temperature and stream eonditions, is used to

determine h and t,_. from interpolation in figures

3(a) and 4. The con'esponding vahw of 0" is then
used in equation (30), which is solved for Tw.

Only one or two iterations wouht normally be

required because the quantity gw/Tw is such a weak

function of T,_.

A problem that is perhaps of more interest is to

determine the quantity of eoohmt required to

maintain a given wall temperature. Since Ow is a

function off:, equation (,30) has to be solved by a
trial-and-error process for .f_ after which tile

corresponding coolant mass flow is determined
from equation (42). This trial-and-error process,

however, wmfld be tedious and inaccunlte since

interpolation for 0',: as a function of t:, X, amlJ:

wouhl generally he required. The limited munber

of solutions available, as well as the behavior of

0" for T,--->T,_, makes su<'h an interpolation

impractical. On the other hand, the function h
is in the form of a coefficient amt hence remains

finite for all values of Iv. Thus, in oMer to facili-
tate interpolu.tion, equation (30) is written in

terms of h as

r,.,--r_ K
/== T_0--T_ .\),_ (46)
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nnd _ is nsmmwd to have lhe form

7.- ('_ot,?+-_ot,,+ %)L? + (_,tw_-+ _,t,_+ _,_)],_

+ (_t,j+_t,,,+_,,.) (47)

where _, _, and _ are constants for anygiven set of

X, N_., and s or q). In general, nine exact, solu-

tions at a fixed value of X wouhl be required to

evaluate the nirLe constants in equation (47). For

A_._= 1.0, the required nine solutions are available,
but for N_.,_I.0 (see tables I t.o III), only six

solutions are available for evalu,@ng the con-

stants since the limiting value of h for T,_--T,,_

apparently cannot be calculated from the zero-

h(,at-transfer solutions. IIowever, for Np_#l.0,

the same form of equation (47) was retained by

assuming that at tw=t_

_tw, y,,el.o \bt,,,/x_,=l.o

The resulting values for the eonst.ants in equation

(47) for both .\_,¢1.0 and :\re_=l.0 are given in
table V. For _\_.,¢1.0 the recovery temperature

t,,_ is assumed to be linear in f_ (for A_,=I.0,

t,_= 1.0) since h'om figalres 4 and 6, r is linear in

]. to within about 0.25 percent. Itenee, for the

ai)plication of equation (46), t,_. is _ven by the

equation
to=='S+Vw (4s)

The constants a and _ are also lis_ed in table V.

Combining equations (46), (47), and (48) gives a
quadratic equation in f: for _\_,,= 1.0, and for

:\re_ # 1.0 there is obtained a cubic equation which

can be easily solved for f_ by st.andard graphical

methods. The interpohltion formulas (47) and

(48) are also convenient in the first type of prob-
lena in which the wall temperature is calculated

from given coolant mass flow.

Typical examples.--Equa.tions (46), (47), and

(48) have been used to calculate the coolant mass

flow required to maintain a eonshml wall l(,mper-
ature in the following three exnml)les:

[ F,x,'_mph,

, 3
I

Tl T_

10, 000 1,500
1,800 800
5, 000 1,500

To [ 3[_
500 10

500 10

I 00 I

Examples 1 _tnd 2 represent flight and wind-tmmel

conditions, respectively, at. 3I= = 10. Example 3

represents flight conditions at ]I_7. The re-

suits are shown in figure 8(a) where the parameter

(from eq. (42))

E_ p/ 1 du_

( cosA

which is directly proportional to the coolant
mass flow, is plotted against yaw angle for q_= 1.0

with Nr_=l.0 and 0.7. Examples 1 and 2 have

also been calculated for ¢ _ 1.0 with .\re,-- 0.7 and

s=0.02. The values used for the velocity-

gradient parameter u.,i_Ix were t,|ken from

reference 21 for a circular cylinder.

Figure 8(a) shows that the coolant mass flow

I Exornple /Dfcofw tc Conditions [
!

I I0 0.15 0.05 Flight

_-15 2 I0 ,44 ,30 Wind tunnel [
3 7 .50 .I0 Flight ! _

12 -- _ _ _ 0.7 { .......

.. j _ ,Exomple I

\4 " i IZ-LI I

,3 O )_ - ,l_le I 1[

6 _'\ I', .... i

i .%. x,_,.\_

.... a i ....... i

_[ i _ _,. ,
[ ......

.......I [ I ...... "-

0 I 0 20 30 40 50 60 70 80 90

YOW onqle, A, deg

(a) Variation of coolant mass flow with yaw angle.

F_crR].: 8. _-Typieal examples illuslr'tting effect of yaw

qnglc, Prandtl nmnber, and viscosity relation on

coolant mass flow required to maintain a con,_lant wall

temperature.
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required to maintain a given temperature decreases
with increasing yaw angle, as wouhl t)e expected

from previous discussion. At small yaw angles

considerably more coolant is required for ,V,_=0.7

than for ,\_,_=1+0; however, the effect of Pr'mdtl

number is not so large for large yaw angles. 'the
curves cah.ulah,d for examples 1 and 2 with
z-=0.02 b,licate thal the use of the Sut]wrland

viscosity relation predirls that less eoolnnt is re-

quired than wben [be linear viscosity relation is

used. The variation with yaw nngh, is about the

same for both viscosity relations. Note that in

example 1 the cmwe for 4'# 1.0, NVr--0.7 is almost

the same as the curve for 4'-- 1.0, A_,_-- 1.0.

In figure 8(b) the corn,_ponding variation of f,,,
with X is shown for these examph,s. This varia-

tion is essentially an effect of compressibility in

the boundary layer since for an in('ompressible

1)oundary layer .f,+ would t)e independent of yaw

angle. The present solutions predi('t, therefore.

that at large Ma,('h nunll)ers and yaw angles the

eoohmt requirements would tw some 50 percent

larger than for an incompressible boundary layer
with the same wall temperature and external flow
eomlitions.

EFFECTOF PRESSURE GRADIENTANn YAW-ANGLE
PARAMETERON SKIN FRICTIONAND HEAT TRANSFER

The effects of the prossure-gradiet_t parameler

/3 and the yaw-angh, parameter X on the brat-

transfer anti skin-friction parametet's for tbn,e

differ(,nt ratios of wall h,mperature to st,ream

temperature are shown in figures 9 and 10. These
solutions are for the conditions of _= 1.0, AS,,_- 1.0,

and .[_--0. The heat-transfer and skin-friction
parameters, as well as other pcrlinent data from

these solutions, are also given in table IV.

Figure 9 indic_ttes that the effects of pressure

gradient on the hea(,-{ransf<,r paranteter 0" or the

G

(b) Effect of compressibility on transpiration-cooling parameter. Curves for ¢_ 1.0 have been arbitrarily extrapol:ded

from X=6.5 to ll.0.

FlCl"rRE 8.--Concluch'd.
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F[ctT,a],: 9.- Variation of heat-transfer and spanwise
skin-friction parameters with pressure-gradient parRm-
etcr. 4_=1.0; Nr,:I.0; fw-=0.

spanwise skin-friction parameter fl,',, (for .\_,= 1.0,

O'_=.q') become larger as the wall ten_perature

and yaw parameier are increased. For negative

or favorabh, pressure gradients (positive values of

fl) the values of 0_ and g,'_ are increased as the yaw
parameter X and the temperature ratio t,_ are

increased. For adverse pressure gradients, cor-
responding to negative values of _, the values of

0,'_, or g,',, decrease considerably with incrensing X

or t,,, For zero pressure gr'adient, 0',_ or g,',, is in-

dependent of both X and l,,,. The effect of these

changes on lhe actual heat transfer or skin friction

wouht have to be cal<'ulated from equations (23)
or (27) for any given set of flow conditions and

wall temperature.

The ehordwise skin-fi'iction parameh, r .f" is

plotted against fl for three wall-temperature ratios

and four values of X in figure 10. The trends

shown in figure 10 are the same as those just dis-

cussed for 0,'_ or g,'_; however, ll,e pereenlage vari-

ations in J_,: are much larger than in the olher

BOUNDARY LAYER ON YAWED CYLINDERS [ 9

parameters. These large variations are parlic-

ular]y notieeabh, for large wflues of X and t_.

The local skin friction must again 1)e ealculaled

for any paNieular ease from the appropria|c

equations (eq. (26) or (28)).

The value of l,he pressure-gradient paranwt(,r fl
required fro" ./_'=0, implying separation of the

chordwise flow, is plotted against X in figure I I.

This figure indicates that decreasing the h,m-

perature wouhl delay separation, while increasing

the yaw angle (al a suffieiendy large _ream Nlach
mlml)er) wouhl move separation forward.

The ratio of the chordwise skiI>h'iction param-

clef to the spanwise skin-fi'iction parameler

.["/g" is indicative of the degree of secondary flow

in the t)mmdarv layer, as discussed in reference

21. The values of these skin-friction parameters
listed in table IV show that the rati<> ""_ '

maMmmn for fl=2.0, uniiy for a flai plate (fl=0)

where there is no secondary flow, and zero for
ehordwise separation where the "surface" stream-

line is exactly in the spanwise (lireeti(m.

The prol)lem of uniqueness fi)r the solutions

with negative B is discussed in appendix C. The

particular solutions presented in t,al)le IV were

el)rained by apl)licat,ion of lhc convergence pro-
cedure of reference 21 a! _-=8. The tabuhtted

solutions also satisfy the boundary conditions on
.[' and 0 at r/=8 to wilhin 0.00001 with the al_solute

vahws of./" and 0' __ 0.00005. 1"1was found that

.f' -< 1.00000 lhroughout the 1)oundaw layer when

these conditions were satisfied and lhnt appliea-
tim_ of the convergen<'e procedure of reference 21

to values of _ > 8 remdted in no appre<'ial)le
y

changes in .f,'_ or 0,,.

CONCLUDING REMARKS

General equations for the heat l ransfer and skin

friction in the laminar compressible boundary

layer on infinite <'ylimlers in yaw are presented fro.

the ease in which the velocily aml enthalpy pro-
files tare functions of a similarity varial)]e. By

mean_ of numerical solutions of the t)ou,,dary-

layer equations, the effects of transpiration cooling,

Prandfl mlmbcr, and viscosity relation were ob-

tained for stagnation-line flow. The effect of

chordwise pressure gradienl was investigated for

a nonporous wall, a Prandtl number of 1.0, and a

linear viscosity-tenlperature relation.

Transpi,'afion cooling reduces the sldn-fi'iction
and heaJ-lrainsfer eoeffwients 1)y large anlollnl,s,
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]vzctt]_: lO.--Chordwise skin-friction parameter.

Pressure-qradlent paramefer , B

¢= 1 .o; X.o,= 1.0; $. = O.

with the ]argest_ percentage reductions occurring

at, small yaw angles and for a Prandtl number of

1.0. The effect of Prancttl mmfl)er Arp, on the

heat-transfer coefficient is given appl'oximntely

by (A_,) °* for a nonporous wall; however, for a.
porous wall Otis expression is in considerable_error.

]3e(a_se of an ow, rall reduction in heal-transfer

eoeffieient with yaw angle A, the quantity or

I[
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-30 -

I j ,

X

Fic.vRv. l l.--Effect of yaw and wall temperature on

pressure gradient required for chordwise separation.

4,= 1.0; Ne,--1.0; f_=0.

coolant required to mainlain a given wall tem-

perature decreases with increasing A; however,

this decrease is not so large as that which would

be predicted from solutions of the incompressible-

boundary-layer equations.

Comparison of solutions eompnied by using

the Sutherland viscosity-tempera{ ure relation with

solutions computed by using the linear viscosity-

temperature relation indicates agreement in heat-

transfer coefficients to wiflfin about 10 percen!

when the ratio of wall temperature to stagnation

temperature T_,/Tt>-0.5. When Tw/T_-O.05, the
heat-transfer coefficients from lhe two sets of

solutions for a cylinder differ by 50 to 150 percent

depending on the temperature level and yaw

parameter.
The values of the heat-transfer parame|er at

t,t_e stagnation point on a body of revolution ob-
tained by the present method with the Sutherland

_iseosity-temperature relation and a Prandtl nun>

her of 0.7 are in close agreement with the corre-

sponding results of Fay and Riddell for a real

gas. This close agreement indi(,ates that !he

heat-transfer rates at the stagnalion point of a

body of revolution or at t.hc stagnation line of a

yawed cylinder in a real-gas flow at equilibrium

dissociation m_y 1)e calculated l)y using the Sulher-
land viscosity-temperature relation, the perfect-

gas equation, and constant specific hea.! in the

solution of the boundary-layer equations. The

flow variables appearing in the final expression for

the heat rate must be evaluated at the real-gas
conditions.

The effects of pressure gradient on lhe heat-
transfer and skin-frictlon parameters become

larger as the yaw parameter and wall tempera-
ture arc increased. Calculations for an adverse

pressure gradient indicate that at sufficiently large

values of the stream Mach number the separalion
line of the chordwise flow wouhl move forward as

the yaw angle is increased.

LANGLEY RESEARCH CENTER I

NATIONAL AERONAUTICS AND SPACE ADMINISTRATION,

LANGLEY FI_:L1), VA., June 25, 1958.



APPENDIX A

DERIVATION OF SIMPLIFIED BOUNDARY-LAYER EQUATIONS

The equations solved in tilt, presenl report arc

essentially the same as the equations of reference

2l except for the boundary condition on tile normal

vehwity at the wall nnd the assumption used for

lhe viseosit.y-lemperature reh_tion. The normal

vehwil, y at the wall is herein assigned a finile vahte

t,o simulate a porous wall. The injected gas is
tlwrofore _lssumed to be the s_n_e as the gas in t,he

boundur 3- layer; that is, tlw eqmHions apply only
for a homogeneous ga,_ throughout. Numerical

solutions It) the present equations are obhfined for

both n linear viscosity-temperature celalion of the
form

u,,, T (3,1)

and fc, r Sutlwrland's relation

u { T_ .'j_T_,+x
u,,, \_/ T_ S (A2)

In both oqm_lions (AI) and (A2), uw wouhl be
evahmled as a function of T,. from the best,

viscosity darn available.
Since the basic equations for the compressible

boundary layer on the infinite cylinder in yaw are

given elsewhere (for example, ref. 21) they are not
repeated herein. The assumptions ,'tt|d restrie-

lions used to obtain the following equations are

(1) Prandtl boundury-layer equations for the

steady flow of a homogeneous gas

(2) ])erfect gas law

p--pRT (A3)

(3) Const'mt specific heat and lq'andtl number

(4) Cylinder of infinite length (spanwise de-
rival ires vanish)

[nt, rodu(dng the s|re_lrn function and the Stewart-
son transformalion in the _anae manner as in

reference 21 then results in the following syslenl of

equations in the t,'tmsformed eoordimHe system

X,Z:

22

(. hor(lwlse nlonlerll.unl equation :

bZ OX bZ oX aZ 2- t. dX [ ( _ - t w)o

-0 -t,).q_+t,,.l+v, _'z I,.° oZ_) (A4)

Npallwise nlonlenlunl equation :

b_ ba _ bo a (ob'q'_bz bx oN _L =_' oz . _)z} (AT))

Energy equal ion :

5¢ 50 _ 50 F _-o 5)k,lt,_
OZ bX _X OZ I -- _ sZ ,IX

(A6)

The Stewartson transformation used in equnfions

(A4) to (A6) may be defined as

X=(* it,,, p_, a,.
d.r

ido lat Pt at

Z: a_ _ P dz (A7)
at do P_

a¢.
u - _z

and the stream function is defined by

b,z p _

bz Pt

The viscosity funelion _ may be xsq'ilten as

O=u_ T (3.8)

on account of the perfect-gas law and the fact that
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/)z in a thin boundary layer.

may be expressed as

[ (1--/_,)0-(1--t,)fT--T,

+t,_ 2 at 2

fi'om the definitions of H, O, and g and the use of
the adiabatic-energy equation for the external

flow. The quantity t, depends oil the spanwise

velocity and can be writlen in terms of the stream

Mach number and yaw angle as

+'y-I
(Ag)

M_ 2

In general, T

which indicates that t, is simply the ratio of the

stagnation temperature of the flow component
normal to the cylinder to the total stagnation

temperature. Note thai the yaw parameter t_ as

defined here is the reciprocal of the Mach num-

ber-yaw-angle parameter used in reference 21.

Similar solutions to the system of equations

(A4) to (A6) are obtained by first assuming that

the dimensionless velocity and enthalpy profiles

U/U_, g, and 0 are functions of a single similarity

variable n and then determining the additional

conditions required to reduce the system to

ordinary equations (see, for example, ref. 14).
The similariiy variable is defined as

/_I 5LZ (AIO)

and the assumptions for the profiles are

_Ui dLXf (.)

g= g (,7)

0=0 (,7)

(A11)

- '/ire _; - r /1
where L_,=a,_-_ and _=3 =_" Then, if the ex-

ternal flow is of the Falkner-Skan type

_" = CX '_ (A 12)

the system of equations (A4) to (A6) is reduced to

the following form:

_)-_(¢f") + f" f =_ < (f')2--_ [( l --tw) O

--(l--t,) f+t_]) (3.13)

5
_-_ (¢.q') +f.q' = 0 (m 4)

(¢o,)_t_ A_fo, 2Np_Xf' 1--0 dt_
i)_ m+l 1--t_dX

= i--t_, _rl ¢ [(f')2]'+(1--t*) (f)'. at 2

(A15)

where the primes denote differentiation with
2m

respect to n, and B=m+_. The boundary con-

ditions on equations (AI3) to (AI5) are now,

at ,/-- 0,

____ , _,,_ _,-- 1 u_'_ du/]-'J2
f-- ww[B (l-{---_2J_xJ2 (,,16)

where w,_= 0 for a nonporous wall and

f'=O=g----O (AI7)
At, _/-->_,

f'=O=g--1 (A18)

For zero aerodynamic heat transfer, the wall

temperature in equations (A13) to (A15) is re-
placed by the adiabatic wall temperature T,,_.

Since T,_ is then an additional unknown, an a(hli-
tional equation or condition is required in order to
evaluate T,_. This additional condition is

o
_7= (A_9)

from the definition of 0. Since t_ and u_ are, in

general, functions of X, equations (A13) 1o (A16)
are not yet consistent with the original assump-

tions fox" the profiles as given by equations (A11).
A consistent set of equations cannot be ol)tained

when t,_ is a variable except for incompressible
flow (t_ --_ 1.0, 6 = 1.0, u_ << a_) for which 6, may

take tim form (see ref. 9)

/_=I+AX _

For compressible flow it is necessary to specify
that t:. is conslan[.
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While the chordwise velocity U_ must always

satisfy equation (A12), the specific value of this
velo(.ity required t,o make equations (A13) to

(AI6) consistent with equations (All) depends

also on lhe viscosity assumption and tile value

of l]w Prandtl numt)er .Ve, For arbitrary values

of _ and .\:+._, u_ musl be either zero (or negligible)
or a constant other lhan zero. The first term on

the right in equation (A15) and _ then 1)ccome

functions of rl only. When u, is eonstanl, +8--0,

and the equations reduce 1o the flal-platc case,
which is not eonsi(h, rcd further herein. At .V 0,

u¢=0 and the equations describe the flow at the

stagnation point on a body of revolution (where
:0.5 ,9.lid t s- 1.0) or at the stagnation line on a

cylinder (t3=1). Equations (A13) to (AI6) then
reduce to

(¢,.f")' +.f" f=,( (f')2--_ [(l--tw) O

(l-t,) g'-'+t,,,l} (A20)

(,_v')' <&'=o (A2_)

l--t, ,],
(¢0')' + .\_ffe'= (1 - .\:,o_) _,,_ [¢,(u 2)

f , F'v_ d<,-I _,_

with the remaining boundary conditions the same
as equations (A17) to (Al9). Equations (A20)

to (A23) apply approximately when u_<<o,, which

occurs, for examph,, in the neighborhood of a

stagnation line whe,'e 3--1.0. Small chordwise
velo('ities would also be expected over the entire

cylinder for large yaw angles when the value of 3
may be art)itrary. Note that equation (A23)

specifies a ehordwise distribution of u',o. sim'c .f,,
must be a constant.

In general, when u,_O, a eOllsistenl set of equa-
lions can be obtained only for the condition or

Nw=l.0 and 4_=1.0. The condition <b=l.0 is

obtained by substituting the linear viscosity rela-

lion given by equation (A1) into equation (AS).
The equations (A13) to (AIS) then reduce to

,f'" +f"f=5 ( (f')_---_[(1--t_)O--(l--l,)O2+t.,])

(A24)

o" +re' =o (A25)

whm'e for these eomtilions 0--9, from the l)oundary

conditions (A16) t.o (A19) and equation (A14)

wilh ,_1.0. The bounda,'y conditions applying
to equalions (A24) and (A25) arc the same am

equations (AI6) to (AIS). Since ./',_ musl be a

constant, the normal velocity at. the wall varies

according to

Ev., (1 7--1 _,i :'_(1 ,,[in' _I _""=-/" > +--2 a:e j

or in terms of the tra,lsforme<l coordinate

m,_=-/_ 7 _I_/9--_. _,CX"-' (A26)



APPENDIX B

INTEGRAL EQUATIONS

A large group of approximat.e met.hods for

cah'ulaling laminar-t)oundary-layer ('hara('teristics

are based on tile integral equu.tions which are

obtained by integrating file partial differenl.ia.1

equations across the boundary layer normal to
the wall. After suilable assumplions are made for

the velocity and temperature profiles, the problem

is thereby reduced to the solution of a set of ordi-

nary differential equa[ions. Even though /.he

origimfi boundary-layer equations are satisfied

only on the average, these methods are usually
considered to be sufficiently accurate for practical

purposes. (For a general review of integral

methods, see ref. 26.)

Some of t,he "pieeewise" methods (for example,

ref. 1) which use basic informat ion fi'om the similar

solutions are also found t.o salisfy the integral

momentum or energy equations.

In tile applicaiion of integral methods to the

compressible boundary layer, subst_antial simpli-
fiea l.ions are obtained by tvansfm'nfing to t,he

XZ-plane. The velocities in this plane are defined
in terms of tilt, sh'eanl function _ as

=82

w==-_J

(Bt)

so that the eontimtity equation is

bU bW
bx+ b-z =o (B'2)

Substituting equations (B l) into equations (A4)
to (A6) of appendix A yield*

OU .... Ogf 1-7_d[ 7,

b
--(1--,,) f+ t,_]+ _,, _ (, _)(B3)

IN TRANSFORMED PLANE

, _:_'_
U _._._., 52="' 52

bO -VO0 1--0 . dl_ vt c) ( 00"

+4,O-t,) 5-2 (f) iBs)

where the adiabatic-energy equation for the
external flow has been used in t.he last term of

equation (A6). The boundary eomlitions for

equalions (B2) io (B5) are, at. Z=0,

U= 0= a = 0 (B 6)

W-- Ww (B 7)

where lV,o=0 for a nonporous wall; and, at Z--->_,

U- G (B8)

,q--0: i (B9)

The conventional boundary-b_yer asSUml_lions also

require l]lat all derivatives of _'_ g, and 0 become

negligible for large values of Z. For zero heal.
lransfer the additional condition (OO,'_Z),_=O is

used lo delern'dne the adiahaLie wall temperature

Taw. Conlbining equations (B2) and (B3) and

integrating from Z=0 to =, with lmundary con-

tilt.ions (B0) to (B9) then 3qehl

d £ (_ _) W,,. 1 dU, (.,/'%'UdX

dz+. , _-_ dz+ g, (_-t,_ (1-a')

dZ+(tw--1) (1--O)dZ ._Z_',j,_ (gl0)

Equalions (B2) and (B4) can be combined in

25
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the same manner to give

dXdo t'_ " U_.

+ " i t'-uJ'_=t "_ (B1_).... dX 3o '_ _.', .bZJ_

Similarly, equations (B2) and (B5) yield

1--t,_ dX,Jo U, (I--O)dZ=NhU; \ ]._-Z, (B12)

Substitution of these parameters into equa, tions

(B10) to (BI2) then gives tile fired form of the

integral equations as

dO* I dUe{20,+_,@_[(l__t=)O@(l,,__l)O,} }

,, I b U\ lVw

zv v. _-=(o \_Z/. (B _5)

The integral-thickness parameters are defined
_s follows :

O._L" ( _' _'_) "._ L;?,̀ tz

rca* = 1_ dZ
.! 0 ", " e

G=L=(1--f)dZ
(m3)

_=L'_;_ (,-y),,z

o=L=_(,-o)dZ

O*=L _ (1 -- O)dZ

dO ( 1 d(; l dt,_\ f, / bOx, IV,_Zv+° ('odx _-t.,_{')=_,az)= _ c,

(B ! 6)

The normal velocity a,t, lhe wall in the trans-

formed plane is related t.o the corresponding

velocity in the physical plane by the relation

l{__=m a,-- Wtc
I-tw a_

from oquations (A7) and t,he definitions of U

and lt_



APPENDIX C

UNIQUENESS OF SOLUTIONS FOR NEGATIVE VALUES OF /_

In order to discuss the uniqueness problem for

negative values of/3 (see refs. 4, 5, and 14) it is
useful to consider the asymptotic solutions to

equations (A24) and (A25). These equations

apply for ¢= 1.0 and Np,= 1.0 and arc as follows:

f'" +f"f=fl( (f')2--_:[(1--tw)O--(1--l_)O_+tw] )

(el)

o" + yo'=o (c2_

The boundary conditions are, at n--O,

and, at. n--_o_,

f f_

f'=0=0

(ca)

(c4)

(c5)f'=O=l.O

Tire fun{,tions f' and 0 may be written as

,f'= _-7"[
(C6)J0= 1 --0

where, at large values of r/, f and _ are small

quantities because of boundary conditions (C3)

to (C5). i Substituting equations (C6) into equa-

tions (C1) and (C2) and retaining only the linear
terms in f and _'result in tile equations

F"+f0;---- 0 (C8)

which are valid only at large values of _r. Tire

boundary conditions for n-o o_ are now

7=0

0=0

The function f may be written by definition as

which, fl'om equations (C6), becomes

If the quantity ]dn is assumed to be negligible,
e

the asymplotic expression for f is

.f=L + n-- ,1_ (C9)

Introducing the variable _ defined as

_-----,-]- (f,--,,) (C10)

and substituting equation (C9) into equations (C7)

and (C8) then result in

d'Tq- d_ - -( "_1q- t,, (Cll)

d=g _ dg
y_+, _=o (cle)

Tile required solution to equation (C12) is

[o"0=0; e½/2 e-½_' d_
,.1,_

since from equation (C10) _=L. For large
values of _ this relation may be expressed as (see

ref. 27)

- O' e½(t:-¢')0= , (Cl3)

Thus at _--n_, where v, is such that (C9) is satis-

fied, the asymptotic solution for 0 as given by

equation (C13) requires tlmt approximately

O; (C14)
0, _ 1 ,f_

which may be verified for _= 1.0 from the tabu-

lated results for Ne,= 1.0 in reference 21.

Substituting equation (C13) into equation
27
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(CI 1) results in the linear differeutial equation

.,_, - ( ) e_ (S?'-¢)d--Jf-"_T- l+t,_ 2 0; = (c15)

A particular integral of this equation valid for

large values of _ is

- 2'¢
7= A _ (C l _)

where, by substitulion in equation (C15),

"L=--;( 1+/_2 t_ 2) O:eUJ (C17)

The general solution to the homogeneous part of

equation (C15) for large values of n is (see ref. 4)

7 II o

where for fl>0, K=0 in order to satisfy the

boundary condition .7--0 for r/-++o.

For ¢_/_0 this boundary eomlition can be sails-

fled with an) finite value of K and the general

solution to equation (C15) then becomes

-- 1

J'=_:[(l 1-_lw'_ e'}/J_l - B -l_l_R.-_2_-_W//°;-_-__,_j_._,, (c_9)

which is valid only for large wdues of _ and _0.

Since equation (C19) is a soh,tion for any value of

K, further restrictions must be imposed before a

mfique solution can be el)rained, tlartree (ref. 4)

sets BS--0 for reasons of eontimfity and con-

sistency with the _>0 case. Cohen and Resholko

(ref. 14) slab, further that for _0 it is necessary

to sel /',_:=0 [o avoid infinite displaeement thick-
ness. For K--O the constant B may be obtained

from equation (C19) evahmted at r/-n_. The

fired asymptotic forms for f' aml 0 may then be
written as

.f'=l e_(_2_t? ) -# 1_," --_s /_

.. --SU/#dj

0= 1 1 0; (c21)

Equations (('20) and ((:21) are now mfique solu-

tions for all values of _, and a study of their
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properties for 13<0 may be used as a gui,le to

obtain by numerical methods the corresponding
unique solutions of the original nonlinear <lifter-

ential equations (A24) and (A25).

For purposes of comparison, consider first the

eases for _>0 and _=0. For ¢_>0 the first term

in lhe braces of equation (C20) dominates so that,

for very large values of _ there remains approxi-

nmtely

1 o;(1_1+t='_
'f'=l-e_(_-.ra)_\ 2t, /

Hence for 0;>0, f'-+l from above or below ac-

cording to whether l+t,_, is greater or h,ss than
2t,

1.0. All numerical solutions (whether unique or

not) obtained in the present investigation for
:Vm 1.0 show that 0_>0 for both negative and

positive values of _. The asymptotic solutions
for _=1.0 are discussed in detail in reference 21.

For B--0, equation (C20) reduces to

L (t-f;)
J'=l- e_(__A_.)

which shows dmt forf'< 1.0, f'-+l from below.
For _Q0, ihe seeoml term in the braces of

equation (C20) domimttes so that for very large

values of

l /f.\2_+'F ,., /. l+t,,O,'.'l

e _ (_-'fl)

which shows that f+--+l.0 from below if

((l-f;)> t--2t_ /L
(C22)

This inequality wouhl always ])e satisfied for

,=i l+l_>l. On the other hand
02>0 and .f_--. 1 if __

f'-+1.0 fi'om above if

(l--f;)<\l 2l_ Jf¢
(C23)

which is always., satisfied for 0;_--0 and f+jl'" if

l+t_'--l-+-l'_X=< 1.0. Apparently a unique solution
2t. 2

is possible when velocity overshoot cry/l) occurs

l+t,_
if _ X<I.0 and equation (C21), as well as

all boumlary conditions, are also satisfied.



THEORETICAL INVESTIGATION OF LAMINAR BOUNDARY LAYER ON YAWED CYLINDERS 29

(The situation for negative values of _, or adverse

pressure gradient, is the exact opposite of Ihat at

positive values of fl, or' favorable pressure gradient,
, 1+t .....

where velo('ity overshoot occurred ior--2- ^_ _.0.)

In the present solutions for negaiive values of

l+t_ X
the smallest value of--2_ is 0.8, a value cor-

responding to t,,--0 and X----1.6. (Solutions for

X=l.0 are given in ref. 14.) If a valid solution
with velocity overshoot is possible, it wouhl be

expected for these values of t,,, and X. A series of

solutions were then ol>tained for t:=O, ),= 1.6, and

_:--0.2 for different values of "0,say ,q*, at which

the convergence procedure as (leseril)ed in reference

21 was applied. Pertinent values from these

soh_tions are presented in table VI. Examination
of the tabulated values (at n--6.0) of (1 .g) and

------ /.L ..j._shows that when inequality

(C23) is satisfied the boundary conditions on ,f'

and 0 at large values of n are not satisfied. Further-

more, equation (C21) is not satisfied since 0_

always remains positive even when 0>1.0.

The t)oundary con(litton on 0 was not satisfied

to a high degree of accuracy until .g=<l.0 for lall

values of r_ whereupon the inequality ((?22) was

satisfied at n=6. It is tlwrefore eoneh|de(l that

for the parlieular convergence prot'edure used

herein it is not possible to satisfy equations (C20)

l+t_X<l.0 and
and (1721) simultaneously when - 2 : -

velocity overshoot occurs. In other wor(ts, while
equation (C20) permits a unique solution with

velocity overshoot, the required boundary eon(li-

tions on 0 and 0' cannot be ol)tained when velocity

ovors]looI is present.
The results shown in lal)h' VI also indicate dmt

increasing n* from 6.8 to 10.4 resuhed in no change

in .f_ and 0'_ and vet'3 little change in any of the

tabulated values at comparahle values of rj. Tile
same behavior was noted in several other sets of

solutions at differen! values of t_, X, an(t negative ¢1.

In view of Ill(' preceding discussion concerning

the asymptotic solution and also because of the
tendency forf'i anti 0", to approach constant values
as n* is increased, it was assume(l that, in general,

unique solutions could 1)e ot)hdned by using

n*=8.0 provi(h,d that f'<l for all values of n and

the 1)otm(lary conditions at n=8.0 were satisfied

to within 0.00001 on 0 and .f', and to within

0.00005 on 0' and f". All final solutions for

negative values of fl as presented in tat)h, IV

satisfy these conditions to this degree of accuracy.
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TABLE III. BOUNDARY-LAYER PARAMETERS CALCULATED FOR STAGNATION FLOWS BY ['SING

SUTIIERLAND VISCOSITY-TEMPERATURE RELATION

WITIt NONPOROUS WALL

(a) Body of revolution; _=0.5

s l_

0. 015 0.
• 050
• 070

0. 005 .100 .
• 150 .
.200
.250
• 300 .

o. 02 .20 i .
50 J

o. 062.5_ Z

2951
3654

3944
4304
4792
5201
5562
5890

4115
5292
70.tl

5444
7681

7240

gw

O. 2518
3041
]240
]472
]759
]976
t152
1301

t055
t757

_. 1223

1980

_ 5220

1934

o_

O. 2168
o6o3
2797
3000
3253
3446
3602
3734

-_. 2950

3517
4141

4341

7_
4305

-- w

0. 1625
2447
2821
3304
3982
4561
5075
5541

7210

O. 5-134

$185

O• 9317

8250

NNu"

0.3066
.3709
• 3955
.4243
.4601
.4873
.5094
.5280

0. 4173
.4974
• 5856

0.5187
• 6139

0. 6446
• 6088

AT PRANDTL NUMBER OF 0.7

0.

Z

Z

57.

_5

7717
8582
8839
9081
_288
D371
9388
_366

3172
_466
_104

_712
g877

1925
_248

(7,,, 05

1.0416 0. 8924

I. 1872 ] 1. 0093

2366 '_ 1. 0481I 2889 1. 0887
1:3461 [ 1. 1325

i. 3836I 1.1606

1.4301 _.1946
4103 I 1. 1803

1,

4021 [ 1. 1746

1.i.4779 1. 2281

1. _;50 1:2395

77611 1. 1552

5144 1. 2546

25
72
32
09
08
39
29
93

05
06

E
1l

_35

" s X l,,,ooo
• 200

• 8981

.8622

,) _ O. 1875

0 06 5 1 0 .625

f_

0.3321
.4177
.5010
• 6225

•7206

.5373

.6912
1. 0963
2.2964

1.1372
1.4952
2.5024
5.5[96

O. 6463
• 9850

(b) Yawed cylinder; _= 1.0

O.

7

g: o:

2582 °918 2218
3125 fi_89 2689
3578 3084 3084
-1118 3558 3558
,1471 3870 3870

3164 2459 2743
3833 2970 3327
5074 3850 4412
6975 ___

30584099 3555
4980 3695 4321

6647 4780 .5774
9211 0" ____

4306 ;:3782 0.3782
59')8 .4540 .4540

(f) e

0.1625
• 2447
• 3304i
.4561

.5541

.2787

.4197

.7822
1.6262

.5134
• 7732

1, 4-111
2.9361

0.5434
.8185

0.7352
•8116

8508
8628
8482

.5560
5872

.5250
.0687

• 0985
.0272

--. 2593
-- 1.1371

0.8959
• 7624

etr

1. 0197

o,:

O. 8744

--o

ml.

1.1603
1. 2566
1.3438
1.3844

• 9763
1.1069
1.2616

1.2860

.8411

.95O7
1.0682
I. 0494

1.4051
1.4358

.9874
1.0628
1.1289
1. 1585

.793-t
•8878
.9794

2883

• 6577
• 7310
• 7827
.0600

1. 1755
1. 1933

0•

• 2720
.3033
.3314
.3417

.1866

.2103

.1993
1281

1235
2005
5160

8733

3528
3350
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TABLE IV. BOUNDARY-LAYER PARAMETERS CALCULATED FOR ARBITRARY PRESSURE GRADIENT

BY USING LINEAR VISCOSITY-TEMPERATURE RELATION AT PRANDTL NUMBER OF 1.0

WITII NONPOROUS WALL

(a) Negative pressure gradient; _0

,. I

1.0 0.6987 0.5147 " ' i .... i
1.6 .8233 .5362 ] 8061 1 5037

0 3. 0 1,0907 .5772 51'_2 I 1, 4088 !

6.5 1.6rr3 .0507 .1634 12643

I. 0 1. 1090 .5574 .7200 1. 4596

I. 6 1. 4348 .5928 .5313 1. 3834
0,2 I 1.5 .5 1

4

i

I

0,5

1,1)

1.0

1.6

3.0

6.5

1.0

1.6

8.0

6.5

l.O .92.77

1.6 1.1648

3. 0 I.0623

6. 5 2. 7281

1.6130 , 1.1623 0. 4238

1,5773 [ t,1358 .3961
I

1.5095 I 1.0857 ,3311

I. 3930 I 1.00130 . 1703

I
1.5498 1.1151 .3875

1,4937 1 t,0735 .3371

1.3983 l 1.0331 .2195

1,2557 .8985 --.0671

1.0279 ! .2769

1.3237 ] .9481 •t074
I

1.1724 --. 2989

.8374

I

0

1.5438

• 5444 _ .7651 1. 4849 [
I

.5891 ; ,5114 1.3847 [
i

.6682 .0861 1.2356 !

• 5C_6 ,6703 i 1. 4364

.6073 .4699 r I. 3565

• 6749 .1348 f 1._54 [

• 7850 --.3816 1 0760

--. 6447

• 2308

• 07_2

--, 2850

--1.1424

_-1.1417

A,7=0.1.

!
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TABLE IV.- -BOUNDARY-LAYER PARAMETERS CALCULATED FOR ARBITRARY PRESSURE GRADIENT

BY USING LINEAR VISCOSITY-TEMPERATURE RELATION AT P_ANDTL NUMBER OF 1.0

WITH NONPOROUS WALL -Concluded

(1)) Positive pressure gradient; 5_0

--0. 3264

--.2800
--.2747
--. 2000

--.2000
--.1943
--. 1000

--.1094
.... .1000

--0.2623
--. 2500
--. 2000

--. 1153
.1000

--. 0500

• 0573
- . 0500

-- O. 1988

- . 1366
--.lOOO
- . 0500

t_o

0.5

l.O

X

1.0

1.6

3.0

6.5

1.0

1.6

3.0

6.5

1. O

1.6

3.0

6.5

f,-

• 2233
0

• 3318

.1437
0

. 3567

O
: 1782

0
• 1415
• 2507

0
• 2115

0
• 1411
.3345

0
• 1242

0
.2098
.3561

0
.2407

0
,2805

0_ or g_

0. 2478

0.

0.

3932
2580
4314

3616
2688
4394

2770
3789

3076
.3778
.4152

.3t64

.4046

.3235

.3834
• 4393

.3279

.3792

3258

,3316
4086
4457

3361
4179

3388
4283

3.4567

1.8257
3.2636

1.5050

2,0953
3. 0713
1.4395

2.9338
1.9268

2.5861
1.9224
1.6136

2.4665
1.6905

2.3733
!.8526
!.4266

2.3173
1. 8795

2.3588

2. 2858
1, 6479
1.3786

2.2308
1.5755

2.1979
1.4989

e[r

2.9751

1.9707
2.8691
1,8172

2.1154
2. 6987
1. 7878

2.6255
2. 0307

2.4071
2.0314
1.8747

2.3463
1.9151

2.2993
2.0022
1.7854

2.2711
2. 0191

2. 2870

2. 2507
1.8970
1. 7630

2,2234
1.8610

2.2071
1.8228

2.2048

1.4282
2, 1119
1.3139

1.5370
1.9809
1.292l

1.9261
1.4737

1. 7594
1. 4747
1, 3572

1. 7140
1.3877

1. 6789
1.4534
1.2906

1. 6579
1.4663

I. 6694

1. 6423
1. 3744
1.2740

1. 6219
1. 3475

1. 6098
1.3188

o,;

O. 6067

.5912
• 6083
•5380

• 6084
• 6093
•5229

• 5963
• 5887

6067
• 5837
.5472

.5923

.5541

.5802

.5653

.5133

.5726

.5634

0.585t

.5752
•5427
.5030

.5671
• 5322

.5623

.5214
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TABLE V. CONSTANTS IN INTERPOI.ATION FORMUI kS FOR_ANDta,_ AS (;IVEN BY

EQ'[-ATIONS (47) AND (48)
t

1,0 0.004_ .04068-0.01396 0.0_096 o.12598 0_0
1.6 .01044 .05554 --.022.52 --.05_4 --. 13559 , 52485 ! ........ i

3 o 0,152 ,00t18 -03750 -.058_ -13097 5_27[
6.5 .01420 .06014 --.0601_ --.05106 --.12669 1_! [15380 104036 .62,539 :_777:: i .........

1.0 --.02142 .02512 --,01127 .001"t7 --,00285 237! .1259(I .,51503 .43025 1.0 I 0 ]

1.6 --.01479 .04090 --. '22156 --. 01220 --. 100fi5 276 ] . 12118 50587 . 44749 . 94443 . 03102 ]

3.0 --.00524 .05727 --,04113 --.fl2620 --.11404 3571 .11113 .49072 ,47123 90447 .05008 [

294 ] .11252 . ,m233 .,-51843 s$384 0.053936.5 .00119 .00505 --,07i35 --.03140 --.11345 776 09456 .47074 .46955 I 1.O I

1.1'60 --.--"04480047-°0 ."0224001520 .' 0620006139 .' 042fvt05276 --.--"0720633612 513 I .10488 .49636 ,49527 I .94349 ' ,03163 I

53'29_ , .90124
3. 0 --. 038_) .03040 .05428 .03050 --. 07672 --. 91867 [ ,09435 ] .48431 - t I .04984 !

6. 5 --. 027£,0 .0344(1 .03£,39 . O1798 -. 07212 03767 (}7901 .40586 59276 87874 ! .05348 !

i 0 ' ' .05084 i
11.0 --. 02224 . 03648 . 01810 . 01263 --. 06686 08000 . (16974 . 45421 04,52 • 87303

1.0 o7 ,o.00 ,02_.,7234-.i0 50_04°47 9452.2118 ..,0208" ,.00 o i
1. fi .08808 .03050 --. 20144 --. 19490 --. 06577 44192 i .19489 .49148 4293 .03147 [

3.0 ,08-9,52 .05326 --. 24295 --. 179.q6 --. 08105 5157t = 17094 .48562 .338,_4 89844 ! .04964 [

62598 ! ,14149 ! 47390 .39145 87192 ! .05337 I

6.5 .07,['814 .00656 --.30069 --.15457 --.0&570 71785 ,12305 .40555 .43428 .86353 [
11.0 , e£_fi84 .07094 --, 35068 --. 13502 --. 08400 ,05080
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